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A whole series of expressions for four species of multipoles (electric, magnetic, magnetic toroidal, and electric
toroidal) is provided as a complete basis set to describe arbitrary single-centered spinful electron systems. A compact
formula to calculate matrix elements of these multipoles is also derived. A visualization method of an electronic state
characterized in terms of multipoles is proposed. The complete basis set is useful to narrow down a candidate order pa-
rameter of electron systems in phase transition, to describe a property of cross-correlated phenomena, to analyze spectra
of x-ray scattering in magnetically ordered state, and so on. We demonstrate a usage of the complete basis set by taking
monopole and toroidal dipole orderings, and the mutual relationship among three distinct magnetic dipoles (orbital, spin
angular momenta and anisotropic dipole) in a spin-orbit coupled system as prime examples.
1. Introduction
A concept of multipole is widely used in various fields
of physics such as classical electromagnetism,1–3) nuclear
physics,4–6) solid-state physics,7–15) meta-materials,16–18) and
so on. In addition to well-known electric (E) and magnetic
(M) multipoles in elementary electromagnetism, there exist
magnetic toroidal (MT) and electric toroidal (ET) multipoles,
which have common spatial parity to their time-reversal coun-
terparts.13, 14, 19, 20) Since these four species of multipoles are
sufficient to describe arbitrary degrees of freedom of electro-
magnetic properties, they have been utilized to express mul-
tiple degrees of freedom of electrons in solids in accordance
with symmetry point of view.
In order to discuss electronic states microscopically in
terms of multipoles, their quantum mechanical operator ex-
pressions are required. In spinless systems, the operator ex-
pressions of E, M and MT multipoles have been obtained on
the basis of the so-called multipole expansions of electromag-
netic potentials.13, 21, 22) As for the remaining of ET multipole,
which does not appear in the multipole expansion, its opera-
tor expression can be deduced from the time-reverting opera-
tion to M multipole.13) Moreover, such multipole expansions
are straightforwardly extended to spinful systems by includ-
ing the spin contribution to the electric current.
However, the multipoles introduced through the multipole
expansions do not constitute a complete set, and quite a few
multipoles are missing to satisfy the closure relation, espe-
cially for a spinful space. Motivated by this circumstances,
we provide a systematic definition of spinful multipoles of
four species in this paper. We derive a compact formula to
calculate the matrix elements of a series of multipole opera-
tors with respect to total angular momentum basis or direct
product of orbital and spin angular momentum bases. Since
32 crystallographic point groups are subgroups of rotational
group,23) operator expressions classified according to point-
group symmetry are obtained merely by an appropriate linear
combination of the expressions in the rotational group derived
in this paper.
Once the whole expressions of multipole operators are ob-
tained in a systematic way as in this paper, they are also use-
ful to express cluster and bond extensions of multipoles.24–31)
They are also utilized to describe the multipoles in momentum
space,14) since the hopping integrals are essentially single-
centered quantity from their hopping origins. The matrix el-
ements of these augmented multipoles defined over a cluster
are also obtained by the mapping between a sub-lattice and a
molecular orbital basis of a cluster.
The organization of this paper is as follows. In §2, we first
introduce the definition of spinless multipoles and their ma-
trix elements in orbital angular momentum basis, and then we
extend the discussion to spinful multipoles and their matrix
elements. We give explicit expressions of spinful multipoles
up to rank 1. In §3, we discuss the relation between multipoles
defined by the multipole expansions and those in a complete
set derived in the previous section. It becomes clear which
multipoles are missing in the multipole expansions. In §4, we
propose two complementary ways of visualization of an elec-
tronic state, which are useful to grasp anisotropy of electronic
states, and the mutual relationship among distinct multipole
degrees of freedom. In §5, we demonstrate a practical usage
of the complete basis set by taking the simplest system with
total angular momenta, J = 1/2 and 3/2, in the s and p or-
bitals. The final section summarizes the paper. In three Ap-
pendices, we give detailed derivations of the matrix elements,
and the relation between the multipoles in the expansions and
those in a complete set.
2. Complete Multipole Basis Set
2.1 For spinless systems
First, let us summarize a complete multipole basis set for
spinless systems. We have already discussed in the litera-
ture13) that four species of multipole operators can describe
arbitrary electronic degrees of freedom in orbital states, which
are characterized by the orbital angular momentum, L, and its
component, M. They are defined as
Qˆ
(orb)
l,m
= Ol,m, (1)
Mˆ
(orb)
l,m
=
1
2
2
l + 1
[
(∇Ol,m) · lˆ + lˆ · (∇Ol,m)
]
, (2)
Tˆ
(orb)
l,m
=
1
2
2
(l + 1)(l + 2)
[
(∇Ol,m) · (r × lˆ) − ( lˆ × r) · (∇Ol,m)
]
,
(3)
1
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Gˆ
(orb)
l,m
=
1
2
4i
(l + 1)2(l + 2)
[
(∇Ol,m) · lˆ lˆ2 − lˆ2 lˆ · (∇Ol,m)
]
, (4)
where lˆ = −i(r × ∇) is the dimensionless orbital angular mo-
mentum operator, and the prefactor 1/2 is due to symmetriza-
tion of the operators. Note that in these expressions (∇Ol,m)
should be understood that ∇ acts only on Ol,m, and
Ol,m(r) =
√
4π
2l + 1
rlYl,m(rˆ), rˆ =
r
r
, (5)
is proportional to the spherical harmonics of the orbital an-
gular momentum (rank of multipole), l = 0, 1, 2, · · · and its
z-component, m = −l,−l + 1, · · · , l. We adopt the Racah nor-
malization and the Condon-Shortley phase convention, i.e.,
Yl,m(rˆ) = (−1)m Y∗l,−m(rˆ). Note that these multipole operators
satisfy the relation,[
Xˆ
(orb)
l,m
]†
= (−1)m Xˆ(orb)
l,−m , (X = Q,M, T,G). (6)
Hereafter, we omit the hat symbol (ˆ) for notational simplicity.
These multipoles have different parities with respect to
time-reversal and spatial inversion operations. Namely, the E
multipole Ql,m and the MT multipole Tl,m have definite spa-
tial parity, (−1)l (called as polar or true tensor), while the M
multipole Ml,m and the ET multipole Gl,m have parity (−1)l+1
(called as axial or pseudo tensor). Moreover, the “electric”
and “magnetic” represent their time-reversal parities (even or
odd).
By considering the fact that X
(orb)
l,m
transforms like Yl,m with
respect to the spatial rotation, the matrix element of the orbital
angular momentum basis, |niLiMi〉 (i = 1, 2), can be decom-
posed as
〈n1L1M1|X(orb)l,m |n2L2M2〉
= (−1)L1+M1
(
L1 L2 l
−M1 M2 m
)
〈n1L1||X(orb)l ||n2L2〉 , (7)
where the parenthesis represents the Wigner’s 3 j symbol, and
〈n1L1||X(orb)l ||n2L2〉 is the so-called reduced matrix element.
Their explicit expressions are given below. The additional in-
dex ni indicates quantum numbers other than Li,Mi such as
the principal quantum number. This is a consequence of the
Wigner-Eckart theorem.
The reduced matrix elements for X = Q and M are given
by
〈n1L1||Q(orb)l ||n2L2〉
= (−1)L1 〈rl〉12
√
(2L1 + 1)(2L2 + 1)
(
L1 L2 l
0 0 0
)
, (8)
〈n1L1||M(orb)l ||n2L2〉 = (−1)L1 〈rl−1〉12
2(2L2 + 1)
l + 1
×
√
l(2l + 1)(2l − 1)(2L1 + 1)L2(L2 + 1)
×
(
L1 L2 l − 1
0 0 0
) {
l − 1 l 1
L2 L2 L1
}
, (9)
respectively, where the curly bracket is the Wigner’s 6 j sym-
bol, and
〈rk〉12 =
∫ ∞
0
dr rk+2Rn1L1 (r)Rn2L2 (r), (10)
is the matrix element in the radial part.
Table I. Correspondence between X
(1)
l
(k) and X
(orb)
l+k
in spin sector.
X
(1)
l
(k) k = 0 k = ±1
Q
(1)
l
(k) T
(orb)
l
M
(orb)
l±1
M
(1)
l
(k) G
(orb)
l
Q
(orb)
l±1
T
(1)
l
(k) Q
(orb)
l
G
(orb)
l±1
G
(1)
l
(k) M
(orb)
l
T
(orb)
l±1
The reduced matrix elements for X = T and G are propor-
tional to those for Q and M as
〈n1L1||T (orb)l ||n2L2〉 = i Rl(L1, L2) 〈n1L1||Q
(orb)
l
||n2L2〉 ,
〈n1L1||G(orb)l ||n2L2〉 = i Rl(L1, L2) 〈n1L1||M
(orb)
l
||n2L2〉 , (11)
where the common proportional coefficient is given by
Rl(L1, L2) = −
L1(L1 + 1) − L2(L2 + 1)
(l + 1)(l + 2)
. (12)
From this expression, it is apparent that T
(orb)
l,m
and G
(orb)
l,m
are
non-active for L1 = L2. Since the Wigner’s symbols and the
radial matrix elements are real, the matrix elements of Q
(orb)
l,m
and M
(orb)
l,m
are real, while those of T
(orb)
l,m
and G
(orb)
l,m
are pure
imaginary. The detailed derivation is given in Appendix A.
2.2 For spinful systems
Next, we extend the complete multipole basis set to spin-
ful (two-component spinor) systems. The spinful space can
be decomposed into charge and spin sectors; the 2 × 2 iden-
tity matrix σ0 acts on charge sector, while the Pauli ma-
trices (half of them are the dimensionless spin operators)
σ = (σx, σy, σz) act on spin sector, respectively. Since σ0
and σ are regarded as rank 0 and 1 tensors, respectively, it is
natural to construct the spinful multipole operators by com-
posing σ0 and σ with X
(orb)
l,m
in accordance with the addition
rule of angular momentum. The definition of the composed
spinful multipole operators is given by
X
(s)
l,m
(k) ≡ is+k(−1)l+m
√
2l + 1
×
s∑
n=−s
(
l + k l s
m − n −m n
)
X
(orb)
l+k,m−nσs,n. (13)
Here, the indices s = 0 and k = 0 specify a multipole in charge
sector with σ0,0 = σ0, while s = 1 and k = −1, 0, 1 specify
that in spin sector where three spin components (n = 0,±1)
are defined as σ1,0 = σz and σ1,±1 = ∓(σx ± iσy)/
√
2. Thanks
to the phase factor is+k, the spinful multipole operator also
satisfies [
X
(s)
l,m
(k)
]†
= (−1)m X(s)
l,−m(k). (14)
It is easily confirmed that X
(0)
l,m
(0) = X
(orb)
l,m
σ0 in charge sector.
Since σ is the time-reversal odd axial vector, the time-
reversal parity of X
(1)
l,m
(k) is opposite to that of X
(orb)
l,m
for k =
0,±1, and the spatial parity is opposite as well for k = ±1
components. The correspondence is summarized in Table I.
In the presence of spin-orbit coupling, it is natural to use the
2
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eigenstates |JM; L〉 of the total angular momentum operator
j = l + σ/2 as a spinful basis. They are explicitly given by
|JM; L〉 = (−1)J+M
√
2J + 1
×
±1/2∑
σ
(
L J 1/2
M − σ −M σ
)
|L,M − σ〉 |σ〉 . (15)
J is positive half integer, and M = −J,−J + 1, · · · , J. The or-
bital angular momentum L in |JM; L〉 (non-negative integer)
is omitted in what follows for notational simplicity.
In this basis, the matrix element of X
(s)
l,m
(k) is also decom-
posed as eq. (7) by the Wigner-Eckart theorem, since X
(s)
l,m
(k)
transforms like Yl,m under the spatial rotation:
〈n1J1M1|X(s)l,m(k)|n2J2M2〉
= (−1)J1+M1
(
J1 J2 l
−M1 M2 m
)
〈n1J1||X(s)l (k)||n2J2〉 . (16)
The reduced matrix elements 〈n1J1||X(s)l (k)||n2J2〉 can be
expressed in terms of 〈n1L1||X(orb)l ||n2L2〉 as defined in eqs. (8),
(9), and (11). The detailed derivation is given in Appendix B,
and the results are given as follows. In charge sector, it is
given by
〈n1J1||X(0)l (0)||n2J2〉
= (−1)J1+1/2+L2+l
√
(2J1 + 1)(2J2 + 1) 〈n1L1||X(orb)l ||n2L2〉
×
{
L1 L2 l
J2 J1 1/2
}
. (17)
In spin sector,
〈n1J1||X(1)l (k)||n2J2〉
= −ik+1P(k)
l
(J1, J2; L1, L2) 〈n1L1||X(orb)l+k ||n2L2〉 , (18)
with
P
(k)
l
(J1, J2; L1, L2) =
√
6(2l + 1)(2J1 + 1)(2J2 + 1)
×

L1 J1 1/2
L2 J2 1/2
l + k l 1
 , (19)
where the curly bracket is the Wigner’s 9 j symbol. Using
these expressions, eq. (11) and Table I, we obtain explicit re-
lations between 〈n1J1||X(1)l (k)||n2J2〉 and 〈n1L1||Q
(orb)
l+k
||n2L2〉 or
〈n1L1||M(orb)l+k ||n2L2〉 for k = 0 and k = ±1 as
〈n1J1||Q(1)l (0)||n2J2〉 = Rl P
(0)
l
〈n1L1||Q(orb)l ||n2L2〉 ,
〈n1J1||M(1)l (0)||n2J2〉 = Rl P
(0)
l
〈n1L1||M(orb)l ||n2L2〉 ,
〈n1J1||T (1)l (0)||n2J2〉 = −i P
(0)
l
〈n1L1||Q(orb)l ||n2L2〉 ,
〈n1J1||G(1)l (0)||n2J2〉 = −i P
(0)
l
〈n1L1||M(orb)l ||n2L2〉 , (20)
〈n1J1||Q(1)l (±1)||n2J2〉 = ±P
(±1)
l
〈n1L1||M(orb)l±1 ||n2L2〉 ,
〈n1J1||M(1)l (±1)||n2J2〉 = ±P
(±1)
l
〈n1L1||Q(orb)l±1 ||n2L2〉 ,
〈n1J1||T (1)l (±1)||n2J2〉 = ±i Rl±1 P
(±1)
l
〈n1L1||M(orb)l±1 ||n2L2〉 ,
〈n1J1||G(1)l (±1)||n2J2〉 = ±i Rl±1 P
(±1)
l
〈n1L1||Q(orb)l±1 ||n2L2〉 ,
(21)
where we have omitted the common arguments of
P
(k)
l
(J1, J2; L1, L2) and Rl(L1, L2) for simplicity. Eventually,
the reduced matrix elements of Q
(orb)
l+k
and M
(orb)
l+k
are only re-
quired to calculate the matrix elements of multipole operators
of any kind, which are given by eqs. (8) and (9) with use of
eqs. (12) and (19). Since Rl(L1, L2) vanishes for L1 = L2, the
active multipoles for L1 = L2 are T
(1)
l,m
(0), G
(1)
l,m
(0), Q
(1)
l,m
(±1),
and M
(1)
l,m
(±1).
A set of spinful multipoles defined in the above, { X(s)
l,m
(k) }
(X = Q,M, T,G) constitutes a complete multipole basis set
to describe arbitrary electronic degrees of freedom in single-
centered electron systems. Each multipole is specified by the
indices α ≡ (s, k, l,m) where s = 0 (k = 0) or s = 1
(k = −1, 0,+1); l = 0, 1, 2, · · · ; m = −l,−l + 1, · · · , l. For
practical purpose, it is convenient to normalize Xα so as to
satisfy Tr(XαXβ) = d δα,β with d being the dimension of rele-
vant Hilbert space for instance.
2.3 For direct product of orbital and spin systems
In the case of negligible spin-orbit coupling, it is conve-
nient to use the electronic basis of the direct product, |LMσ〉 =
|LM〉 ⊗ |1/2σ〉. Accordingly, the multipole operators are also
defined as a direct product of X
(orb)
l,m
and σ1,n:
X⊗
l,m(n) ≡ X(orb)l,m σ1,n, (n = 0,±1), (22)
where X⊗
l,m
(n) and X
(orb)
l,m
share the same spatial parity with the
opposite time-reversal property. Namely, the correspondence
between them is given by the column k = 0 in Table I. The
matrix elements are given by
〈n1L1M1σ1|X⊗l,m(n)|n2L2M2σ2〉
= 〈n1L1M1|X(orb)l,m |n2L2M2〉 〈σ1|σ1,n|σ2〉 , (23)
〈σ1|σ1,n|σ2〉 = (−1)σ1−1/2
√
6
(
1/2 1/2 1
−σ1 σ2 n
)
, (24)
where 〈n1L1M1|X(orb)l,m |n2L2M2〉 is given by eq. (7).
2.4 Explicit Expressions up to Rank 1
Here, we give explicit expressions of active multipoles up
to rank 1 by using the definition, eq. (13).
• Monopole : X(s)(k) ≡ X(s)
0,0
(k).
Q(0)(0) = σ0, Q
(1)(1) =
1√
3
(l · σ), (25)
M(1)(1) =
1√
3
(r · σ), (26)
G(1)(1) =
1√
3
(t · σ), t = 1
6
[(r × l) − (l × r)]. (27)
• Dipole : X(s)(k) ≡
1∑
m=−1
X
(s)
1,m
(k) e∗1,m.
Q(0)(0) = rσ0, Q
(1)(0) =
1√
2
(σ × t),
[Q(1)(1)]z =
2
3
√
10
[
3(lr)zxσx + 3(lr)yzσy
3
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+ 2[2(lr)zz − (lr)xx − (lr)yy]σz
]
(+cyclic), (28)
M(0)(0) = lσ0, M
(1)(−1) = σ,
M(1)(1) =
3√
10
[
(r · σ)r − r
2
3
σ
]
, (29)
T(0)(0) = tσ0, T
(1)(0) =
1√
2
(σ × r),
[T(1)(1)]z =
1
2
√
10
[
3(lt)zxσx + 3(lt)yzσy
+ 2[2(lt)zz − (lt)xx − (lt)yy]σz
]
(+cyclic), (30)
G(1)(0) =
1√
2
(σ × l),
[G(1)(1)]z =
1
2
√
10
[
3(tr)zxσx + 3(tr)yzσy
+ 2[2(tr)zz − (tr)xx − (tr)yy]σz
]
(+cyclic). (31)
Here, e1,0 = ez and e1,±1 = ∓(ex ± iey)/
√
2, and (AB)i j =
(AiB j+A jBi + BiA j + B jAi)/4, and ei (i = x, y, z) are unit
vectors in the Euclidean coordinate.
The EmonopoleQ(1)(1) is nothing but the atomic spin-orbit
coupling, and the M monopole M(1)(1) is the atomic limit
of the so-called magnetic flux. The ET monopole G(1)(1) is
an essential ingredient for chiral and strong gyrotropic point
groups.
M(1)(1) represents the anisotropic magnetic dipole opera-
tor, which is independent of the ordinary orbital and spin an-
gular momentum operators, M(0)(0) = l and M(1)(−1) = σ.
This type of the anisotropic magnetic dipole has been known
to appear in the context of the x-ray magneto-circular dichro-
ism (XMCD), referred as T-vector in literatures.32–35)
The MT dipole T(s)(k) is relevant to the time-reversal odd
axial tensor such as the linear magneto-electric effect.21) The
ET vector G(s)(k) appears in the off-diagonal elements of the
time-reversal even polar tensor such as Seebeck effect.14)
3. Relation to Multipoles Defined by Potential Expan-
sion
Multipoles usually appear in the multipole expansions of
the scalar and vector potentials.6, 8, 20, 36) In other words, the
multipoles Xl,m are defined through the expansions. In the
Coulomb gauge ∇ · A = 0, the expansions in unit of −e =
−µB = 1 are given by
φ(r) =
∑
lm
√
4π
2l + 1
〈Ql,m〉
Y∗
l,m
(rˆ)
rl+1
, (32)
A(r) =
∑
lm
i
√
4π
(2l + 1)l
〈Ml,m〉
Yl∗
l,m
(rˆ)
rl+1
−
√
4π(l + 1) 〈Tl,m〉
Yl+1∗
l,m
(rˆ)
rl+2
 , (33)
where Yl+k
l,m
(rˆ) (k = 0,±1) is the vector spherical harmonics,
whose definition is given by eq. (C·1), and 〈Xl,m〉 indicates
an appropriate thermal average of the multipole operator Xl,m.
Note that which component of multipoles appears in the ex-
pansions depends on the gauge fixing condition. The ET mul-
tipoleGl,m does not appear in the expansion. In order to define
the ET multipole operator in a systematic way, the operator
RT = tl · ∇, which reverts the time-reversal parity with keep-
ing the spatial parity, is used asGl,m ≡ RTQl,m, where tl is the
elementary MT dipole.13)
The multipole operators Xl,m in the context of the potential
expansions do not constitute a complete basis set, and quite a
few spinful multipoles are missing. In fact, the multipole Xl,m
hereby can be expanded by the spinful multipole X
(s)
l,m
(k) as
follows (see Appendix C in detail):
Ql,m = Q
(orb)
l,m
σ0 = Q
(0)
l,m
(0), (34)
Ml,m = M
(orb)
l,m
σ0 + (∇Ol,m) · σ
= M
(0)
l,m
(0) +
√
l(2l − 1)M(1)
l,m
(−1), (35)
Tl,m = T
(orb)
l,m
σ0
+
1
2
1
l + 1
[
(∇Ol,m) · (r × σ) + (r × σ) · (∇Ol,m)
]
= T
(0)
l,m
(0) −
√
l
l + 1
T
(1)
l,m
(0), (36)
Gl,m = G
(orb)
l,m
σ0 +
1
2
x,y,z∑
i j
[
(∇i∇ jOl,m)gi j + g†i j(∇i∇ jOl,m)
]
= G
(0)
l,m
(0) +
l
√
l(2l − 1)
l + 2
G
(1)
l,m
(−1) −
√
l
l + 1
G
(1)
l,m
(0), (37)
where
gi j =
2(r × l)iσ j
(l + 1)(l + 2)
+
2(r × σ)il j
(l + 1)2
. (38)
Although there exists the term proportional to (r × σ)iσ j in
the definition of Gl,m, it is shown to vanish identically.
It should be emphasized that the expressions of Xl,m were
obtained by assuming that the sources of φ(r) and A(r) are
ordinary density of electron charge ρ(r) and orbital and spin
contributions to the electric current j(r) = jorb(r) + jspin(r).
However, other multipoles which do not appear in the ex-
pansions are also able to be an order parameter through
many-body interactions. Once such an order parameter ap-
pears, it induces other multipoles belonging to the same irre-
ducible representation of it. Eventually, other multipoles such
as Q
(1)
l,m
(k) andG
(1)
l,m
(+1) must contribute to φ(r), and M
(1)
l,m
(+1),
and T
(1)
l,m
(±1) to A(r) in this sense.
4. Visualization of Electronic States
When a thermal average of specific multipole operator be-
comes finite, the corresponding anisotropy appears. Thus, it
is useful to visualize the anisotropy that characterizes an elec-
tronic state in the presence of multipoles.8) We show two com-
plementary ways to visualize the anisotropy of a system hav-
ing eigenstates |ψγ〉 with the energy Eγ.
4.1 Based on charge and angular-momentum distributions
A thermal average of an operator A at inverse temperature
β is given by
〈A〉 = 1
Z
∑
γ
e−βEγ 〈ψγ|A|ψγ〉 , Z =
∑
γ
e−βEγ . (39)
4
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By using the total angular-momentum basis (i = nJM; L) as
|ψγ〉 =
∑
iUiγ |i〉, the expectation value of A with respect to
the γ eigenstate is expressed as
〈ψγ|A|ψγ〉 =
∑
i2i3
U∗i3γUi2γ 〈i3|A|i2〉
=
∑
i2i3
U∗i3γUi2γ
∑
σ
∫
d rˆ
∑
i1
ψ∗i3(rˆ, σ)ψi1(rˆ, σ) 〈i1|A|i2〉
=
∫
d rˆ
4π
Aγ(rˆ), (40)
where we have inserted the completeness relation, 1 =∑
σ
∫
d rˆ |rˆσ〉 〈rˆσ|∑i1 |i1〉 〈i1|, and
ψi(rˆ, σ) = 〈rˆσ|i〉 = (−1)J+M
√
2J + 1
×
(
L J 1/2
M − σ −M σ
)
YL,M−σ(rˆ). (41)
Then, the angular distribution is given by
Aγ(rˆ) =
∑
i1i2i3
Re
[
U∗i3γUi2γ 〈i1|A|i2〉 Pi3i1(rˆ)
]
,
Pi3i1 (rˆ) = 4π
∑
σ
ψ∗i3(rˆ, σ)ψi1(rˆ, σ)
= (−1)J3+M3+J1+M14π
√
(2J3 + 1)(2J1 + 1)
×
∑
σ
(
L3 J3 1/2
M3 − σ −M3 σ
) (
L1 J1 1/2
M1 − σ −M1 σ
)
× Y∗L3 ,M3−σ(rˆ)YL1,M1−σ(rˆ). (42)
The angular distribution of the thermal average 〈A〉 is thus
given by
A(rˆ) =
1
Z
∑
γ
e−βEγAγ(rˆ). (43)
In the case of spinless systems, we replace i and Pi3i1 (rˆ) in
eq. (42) with (i = nLM) and Pi3i1 (rˆ) = 4πY
∗
L3,M3
(rˆ)Y
L1 ,M1
(rˆ).
In order to visualize an electronic state, the angular dis-
tribution of specific multipole operator, such as the E charge
ρ = Q(0)(0), and the M dipoles l = M(0)(0), σ = M(1)(−1),
are useful. These operators are given in §2.4. For instance,
ρ(rˆ) is used to express the shape of the wavefunction, and its
magnetic property is displayed by the M dipole distributions.
4.2 Based on multipole charge densities
The thermal average of the multipoles is related with the
polarization or magnetization density X(r) as
〈Xl,m〉 =
∫
dr X(r) · (∇O∗l,m) =
∫
drO∗l,m(r)ρX(r), (44)
where we have introduced the corresponding multipole
“charge” density as ρX(r) ≡ −∇ · X(r). Here, Xl,m is ei-
ther X
(s)
l,m
(k), X⊗
l,m
(n) or Xl,m. This is utilized to visualize an
electronic state as follows. To this end, we decompose ρX(r)
into the radial part ρX(r) and angular part ρX(rˆ) as ρX(r) =
ρX(r)ρX(rˆ)/4π. The latter can be extracted by the complete-
ness relation of the spherical harmonics as
ρX(rˆ) =
∑
lm
(2l + 1)
〈Xl,m〉
〈rl〉
Ol,m(rˆ)
rl
, (45)
where we have introduced the radial average 〈rl〉 ≡∫ ∞
0
dr rl+2ρX(r), which is roughly given by the average of
〈rl〉12 over relevant orbitals, L1 and L2. For example, ρQ(rˆ)
is used to express the shape of the wavefunction, and its M,
MT, and ET charge distributions, i.e., ρM(rˆ), ρT (rˆ), and ρG(rˆ)
are plotted as a colormap on the surface of the shape.
5. Examples
In order to demonstrate the complete multipole basis set,
we consider J = 1/2 and J = 3/2 systems with L = 0 (s)
and 1 (p) orbitals as an example. The eigenstates of the total
angular momentum |J,M; L〉 are given in terms of the linear
combinations of the direct product of the orbital |L,M ± σ〉
and spin |σ〉 states as∣∣∣∣∣12 ,+12; s
〉
= |0, 0〉 |↑〉 ,
∣∣∣∣∣12 ,−12; s
〉
= |0, 0〉 |↓〉 , (46)
∣∣∣∣∣12 ,+12; p
〉
=
√
2
3
|1,+1〉 |↓〉 −
√
1
3
|1, 0〉 |↓〉 ,
∣∣∣∣∣12 ,−12; p
〉
= −
√
2
3
|1,−1〉 |↑〉 +
√
1
3
|1, 0〉 |↑〉 , (47)
∣∣∣∣∣32 ,+32; p
〉
= |1,+1〉 |↑〉 ,
∣∣∣∣∣32 ,+12; p
〉
=
√
1
3
|1,+1〉 |↓〉 +
√
2
3
|1, 0〉 |↑〉 ,
∣∣∣∣∣32 ,−12; p
〉
=
√
1
3
|1,−1〉 |↑〉 +
√
2
3
|1, 0〉 |↓〉 ,
∣∣∣∣∣32 ,−32; p
〉
= |1,−1〉 |↓〉 . (48)
The wavefunctions of the basis |J,M; L〉 are visualized in
Fig. 1, where ρQ(rˆ) and ρM(rˆ) are used for the shape and col-
ormap, respectively.
Fig. 1. Charge and magnetic charge densities of the wavefunctions
|J,M; L〉. In calculating ρX(rˆ), the multipoles in the potential expansions are
used.
The active multipoles in this Hilbert space are summarized
in Table II, and their matrix elements are given in Supplemen-
tal Materials. Among these multipoles, we focus on (i) the M
and ET monopoles, Mσ ≡ M(1)(1) and Gσ ≡ G(1)(1), (ii) the
MT and ET dipoles, Tσ ≡ T(1)(0) and Gσ ≡ G(1)(0), and (iii)
the anisotropic M dipole, Ma ≡ M(1)(1).
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Table II. Active multipoles in J = 1/2(s), 1/2(p), and 3/2(p). The up-
per (lower) off-diagonal represents electric (magnetic) multipoles. We use
the abbreviations, ρ = Q(0)(0), Gσ = G
(1)(1), Mσ = M
(1)(1), r = Q(0)(0),
Qσ = Q
(1)(0), l = M(0)(0), σ = M(1)(−1), Ma = M(1)(1), t = T(0)(0),
Tσ = T
(1)(0), and Gσ = G
(1)(0). X
(s)
2
(k) and X
(s)
3
(k) represent quadrupole and
octupole, respectively.
J = 1/2 (s) 1/2 (p) 3/2 (p)
1/2 (s) ρ Gσ Qσ
σ r G
(1)
2
(−1)
1/2 (p) Mσ ρ Gσ
t l Q
(1)
2
(−1)
3/2 (p) M
(1)
2
(−1) Ma Q(1)(1), Q(0)2 (0)
Tσ T
(1)
2
(0) σ, M
(1)
3
(−1)
Table III. Angular distributions for the M- and ET-monopole, and the MT-
and ET-dipole eigenstates. X is the essential vector that characterizes the
wavefunction.
X
(s)
l,m
(k) ρ(rˆ) X X(rˆ)
Mσ 1 σ rˆ
Gσ 1 Gσ −
1√
2
rˆ
T zσ
1
4
(5 − 3zˆ2) σ
√
6
2
(yˆ,−xˆ, 0)
Gzσ
1
4
(3zˆ2 − 1) Qσ
−1
12
√
2
(xˆ −
√
2yˆ, yˆ +
√
2xˆ, 0)
5.1 The M and ET monopoles
First, we consider the ground states of the following Hamil-
tonians,
HM0 = −Mσ, HET0 = −Gσ. (49)
The ground states are doubly degenerate, and they are given
by
Mσ : |±〉 =
1√
2
[∣∣∣∣∣12 ,±12; s
〉
−
∣∣∣∣∣12 ± 12; p
〉]
, (50)
Gσ : |±〉 =
1√
2
[∣∣∣∣∣12 ,±12; s
〉
+ i
∣∣∣∣∣12 ± 12; p
〉]
, (51)
respectively.
For these ground states, angular distributions are summa-
rized in the upper rows in Table III. Both in the M- and
ET-monopole ground states, the angular distribution of ρ is
isotropic due to the nature of J = 1/2 wavefunctions in Fig. 1.
In the M-monopole Mσ ground state, the monopole flux ap-
pears in σ(rˆ) as shown in Fig. 2(a). On the other hand, in the
ET-monopoleGσ ground state, there are no characteristic an-
gular distributions in ordinary physical quantities such as the
E dipole r, and the M dipoles l and σ. Since the ET monopole
is pseudoscalar, there must exist a monopole flux. Indeed, it
appears in the angular distribution of Gσ = (σ × l)/
√
2 as
shown in Fig. 2(b). Although it is difficult to observe directly
Gσ itself, the ET monopole flux results in hedgehog-type spin
polarization in momentum space in periodic systems, since
Gσ · r ∼ (σ× l) · r = (l× r) ·σ ∼ t ·σ has the same symmetry
as k · σ where k is the wave vector. Thus, an observation of
the hedgehog spin textures in momentum space is helpful to
identify the emergence of the ET monopole.
Fig. 2. Characteristic angular distributions for the ground states of (a) Mσ ,
(b)Gσ, (c) T
z
σ, and (d)G
z
σ. The shape and arrows represent the charge distri-
bution ρ(rˆ), and the angular distribution of σ, Gσ or Qσ, respectively.
5.2 The MT and ET dipoles
Next, we consider the ground states of the followingHamil-
tonians,
HMT1 = −T zσ, HET1 = −Gzσ. (52)
The ground states are doubly degenerate, and they are given
by
T zσ : |±〉 =
1√
2
[∣∣∣∣∣12 ,±12; s
〉
± i√
3
∣∣∣∣∣12 ± 12; p
〉
+
i√
6
∣∣∣∣∣32 ± 12 ; p
〉]
, (53)
Gzσ : |±〉 =
1√
2
[∣∣∣∣∣12 ,±12; p
〉
+ i
∣∣∣∣∣32 ± 12 ; p
〉]
, (54)
respectively.
In the MT-dipole T zσ ground state, the vortex-like angu-
lar distribution of σ arises perpendicular to Tσ as shown in
Fig. 2(c). It is characterized by the vorticity,
∫
d rˆ rˆ × σ(rˆ) ∝
−ez. The charge distribution becomes anisotropic since the
ground state is the superposition of anisotropic wavefunctions
in Fig. 1. The angular dependences are given in the lower rows
in Table III. Similarly, the wavefunction of the ET-dipole Gzσ
ground state becomes anisotropic as shown in Fig. 2(d). How-
ever, there are no indications of the toroidal nature in ordi-
nary physical quantities. Interestingly, it appears in less or-
dinary E-dipole involving spin degrees of freedom, namely,
Qσ = (σ × t)/
√
2. By looking at this quantity, we realize the
toroidal nature in this ground state as shown in Fig. 2(d).
In this way, the spinful multipoles are required to charac-
terize the multipole ordered states in general.
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5.3 The anisotropic M dipole
The anisotropic M dipole is often significant in analysis of
XMCD spectra.32–35, 37) In such a context, the relation among
orbital wavefunction in a certain principal axis and three dis-
tinct M dipoles, l, σ, and Ma ≡ M(1)(1) provides useful infor-
mation.
To elucidate the relation between them, let us consider a
simplified situation in a magnetically ordered state, which is
described by the following Hamiltonian,
HM1 = −
√
3λQ(1)(1) − ǫQ(0)
2,0
(0) − hs · σ − ho · l, (55)
where the first two terms represents the spin-orbit coupling
l · σ and the locking potential with sufficiently large ǫ that
makes the z axis of pz orbital be the principal axis, namely,
the crystalline electric field (CEF) potential. The last two
terms are the Zeeman coupling with the spin and orbital an-
gular momenta which represent the molecular fields from
the surrounding magnetic moments. We set ǫ = 1 and as-
sume the molecular magnetic field in zx plane, i.e., hs,o =
hs,o(sin θ, 0, cos θ) in the following discussion.
First, we consider the case without the spin-orbit coupling,
λ = 0, and dominant spin ordering, hs > 0 and ho = 0. The
ground state energy is given by Egs = −2/5− h, and its eigen-
state is
|0〉 = 1√
3
[
cos
θ
2
∣∣∣∣∣12 ,+12; p
〉
− sin θ
2
∣∣∣∣∣12 ,−12; p
〉
−
√
2 cos
θ
2
∣∣∣∣∣32 ,+12; p
〉
−
√
2 sin
θ
2
∣∣∣∣∣32 ,−12; p
〉]
. (56)
Note that the wavefunction is independent of the magnitude
of hs. In this ground state, the charge and three M-dipole dis-
tributions are given by
ρ(rˆ) = 3zˆ2,
σ(rˆ) = 3zˆ2(sin θ, 0, cos θ), l(rˆ) = 0,
Ma(rˆ) =
3zˆ cos θ
5
√
10
(3xˆ − 2zˆ tan θ, 3yˆ, 4zˆ + 3xˆ tan θ). (57)
The expectation values are obtained by the angular average as
ρ = 1,
σ = (sin θ, 0, cos θ),
Ma = −
2
5
√
10
(sin θ, 0,−2 cos θ). (58)
Note that σ and Ma become perpendicular with each other at
the so-called magic angle θ0 = cos
−1(1/
√
3) ≃ 54.7356◦.34)
These angular distributions at θ = θ0 are shown in Fig. 3(a).
When we switch on the molecular field to l, the relative
directions of three M dipoles are altered. Figure 3(b) shows
three M-dipole angular distributions for hs = ho = 1 at the
magic angle θ = θ0. l and σ tend to align in the same direc-
tion of the magnetic field because of the Zeeman couplings,
while Ma tends to direct the opposite direction to l and σ.
Note that the angular average of the M dipole distributions
lies in zx plane. The shape of the wavefunction is also de-
formed. As shown in this example, a careful consideration of
the contributions from three distinct M dipoles is necessary in
analyzing XMCD spectra.
Moreover, we discuss the influence of the spin-orbit cou-
pling. To this end, let us consider the limit of strong spin-orbit
coupling, λ = ∞. For simplicity, we put ho = 0. In this case,
we obtain the explicit analytical solution only for θ = θ0, and
the ground state energy is given by
Egs = −
1
15
√
9 + 125h2s + 10hs
√
27 + 100h2s . (59)
The corresponding eigenstate is also obtained analytically,
however we omit it as it is rather lengthy. The angular dis-
tributions of three M dipoles for weak magnetic field hs = 0.1
and strong one hs = 1 are shown in Fig. 4. The angular av-
erage of the M dipole distributions also lies in zx plane. In-
terestingly, the effect of the spin-orbit coupling on the mutual
interplay among three M dipoles is similar to that shown in
Fig. 3(b) in which the molecular fields are applied both on l
and σ in the absence of λ. This is because the effective cou-
pling among three M dipoles arises through the E quadrupole
Q
(0)
2,0
(0). Namely, there are the 3rd order couplings in the free
energy,
(Mza)
2
[
Q(1)(1) + Q
(0)
2,0
(0)
]
, lzM
z
aQ
(1)(1), σzM
z
aQ
(0)
2,0
(0).
(60)
The combination of these couplings gives rise to the effective
coupling among threeM dipoles, the spin-orbit coupling, l ·σ,
and the CEF potential, Q
(0)
2,0
(0). The general treatment of the
algebra of multipoles and the Landau expansion in terms of
them are discussed in Supplemental Materials in detail.
Fig. 3. Angular distributions of the spin σ, anisotropic M dipole Ma, and
orbital angular momentum l in the absence of the spin-orbit coupling. The
magnetic field h is applied in zx plane, and θ is fixed at the magic angle θ0 .
(a) ho = 0, (b) hs = ho = 1.
6. Summary
In this paper, we have derived a whole series of expressions
for four species of multipoles in single-centered spinful sys-
tems in eq. (13). The matrix elements of these operators in to-
tal angular momentum basis are given by eqs. (16), (20), and
(21) with use of eqs. (8), (9), (12), and (19). The multipoles
in the expansions of electromagnetic potentials are related to
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Fig. 4. Angular distribution of the spin σ, anisotropic M dipole Ma, and
orbital angular momentum l in the strong spin-orbit coupling limit. The mag-
netic field hs is applied in zx plane and ho = 0. θ is fixed at the magic angle
θ0. (a) Under weak magnetic field hs = 0.1, and (b) under strong magnetic
field hs = 1.
those in the complete set as in eqs. (35)–(37). We have pro-
posed two complementary methods of visualizations of elec-
tronic states, and demonstrated by considering the monopole
and toroidal dipole orderings as typical examples. Moreover,
we have discussed the mutual interplay among three distinct
magnetic dipoles which are usually active in non s-orbital
spinful systems. The obtained complete multipole basis set is
useful to describe arbitrary single-centered electron systems
including cluster, bond, and momentum-space extensions.
We would like to thank Yuichi Yamasaki, Hironori Nakao,
and Hiroshi Amitsuka for fruitful discussions on XMCD
spectra. This work was supported by JSPS KAKENHI
Grants Numbers JP15H05885, JP18H04296 (J-Physics),
JP18K13488, JP19K03752, JP19H01834, and JP20K05299.
Appendix A: Derivation of Reduced Matrix Elements of
X
(orb)
l,m
Here, the derivation of the reduced matrix elements,
eqs. (8), (9), and (11) is given.
A.1 For electric and magnetic multipoles
Let us begin with the derivation of the reduced matrix ele-
ment of Q
(orb)
l,m
. We omit the quantum numbers n1 and n2 for
notational simplicity. It is straightforward to evaluate the ma-
trix element,
〈L1M1|Q(orb)l,m |L2M2〉 = 〈rl〉12
√
4π
2l + 1
∫
d rˆ Y∗L1,M1Yl,mYL2 ,M2
= (−1)M1 〈rl〉12
√
(2L1 + 1)(2L2 + 1)
×
(
L1 L2 l
0 0 0
) (
L1 L2 l
−M1 M2 m
)
,
(A·1)
where we have used the integration formula for the product of
three spherical harmonics. By comparing eqs. (A·1) with (7),
we obtain eq. (8).
Next, we evaluate the matrix element of M
(orb)
l,m
. By us-
ing the relations derived from the definition of the vector
spherical harmonics, ∇Ol,m = r
l−1 √4πlYl−1
l,m
and lYL2 ,M2 =√
L2(L2 + 1)Y
L2
L2,M2
, we obtain
〈L1M1|M(orb)l,m |L2M2〉 = (−1)m
2
√
4πl
√
L2(L2 + 1) 〈rl−1〉12
l + 1
×
∫
d rˆY∗L1 ,M1Y
l−1∗
l,−m · YL2L2,M2
= (−1)M1
√
l(2l + 1)(2l − 1)(2L1 + 1)L2(L2 + 1)
× 2(2L2 + 1) 〈r
l−1〉12
l + 1
(
L1 L2 l − 1
0 0 0
) {
l − 1 l 1
L2 L2 L1
}
×
(
L1 L2 l
−M1 M2 m
)
,
(A·2)
where we have used the integration formula for the product
of vector spherical harmonics. Then, we obtain eq. (9) by the
comparison with eq. (7).
A.2 Relation between E, M and MT, ET multipoles
Moreover, we discuss the relation between the multipoles
and toroidal multipoles. First, let us consider T
(orb)
l,m
. By the
relation, r × (∇Ol,m) = i(lOl,m), the following expression ap-
pearing in the definition of T
(orb)
l,m
is reexpressed as
1
2
[(∇Ol,m) · (r × l) − (l × r) · (∇Ol,m)]
=
1
2
[−(r × ∇Ol,m) · l − l · (r × ∇Ol,m)]
= − i
2
[
(lOl,m) · l + l · (lOl,m)
]
= − i
2
[
l2Ol,m − Ol,m l2
]
,
where we have used the identities,
(lOl,m) = lOl,m − Ol,m l, l · (lOl,m) = l2Ol,m − lOl,m · l.
Note that the parenthesis specifies on what range the operators
l and ∇ act. Acting on the bra (ket) state on the first (second)
term in the above expression, we obtain eq. (11) for T
(orb)
l,m
and
Q
(orb)
l,m
.
Similarly, by comparing both definitions of G
(orb)
l,m
and
M
(orb)
l,m
, we obtain
G
(orb)
l,m
=
4i
2(l + 1)2(l + 2)
[(∇Ol,m) · l l2 − l2 l · (∇Ol,m)]
= −i 1
(l + 1)(l + 2)
[
l2M
(orb)
l,m
− M(orb)
l,m
l2
]
. (A·3)
Thus, the same relation, eq. (11), holds forG
(orb)
l,m
and M
(orb)
l,m
.
Appendix B: Derivation of Reduced Matrix Elements of
X
(s)
l,m
(k)
In this appendix, the derivation of the reduced matrix ele-
ments of the spinful multipole operator X
(s)
l,m
(k) is given.
Let us begin with the Wigner-Eckart theorem, eq. (16). By
using the completeness relation for 3 j symbol, we can revert
eq. (16) as
〈J1||X(s)l (k)||J2〉 =
∑
mM1M2
(−1)J1+M1 〈J1M1|X(s)l,m(k)|J2M2〉
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×
(
J1 J2 l
−M1 M2 m
)
. (B·1)
From the definition of X
(s)
l,m
(k), eq. (13) and by applying the
Wigner-Eckart theorem separately for the orbital and spin
parts, we obtain the matrix element in the right-hand-side of
eq. (B·1) as
〈J1M1|X(s)l,m(k)|J2M2〉 = is+k
∑
M′
1
M′
2
m′σ1σ2n
(−1)l+m+J1+M1+J2+M2
×
√
(2l + 1)(2J1 + 1)(2J2 + 1) 〈L1M′1|X(orb)l+k,m′ |L2M′2〉
× 〈σ1|σs,n|σ2〉
(
l + k l s
m′ −m n
) (
L1 J1 1/2
M′
1
−M1 σ1
)
×
(
L2 J2 1/2
M′
2
−M2 σ2
)
= is+k
∑
M′
1
M′
2
m′σ1σ2n
(−1)l+m+J1+M1+J2+M2 (−1)L1+M′1(−1)s+σ1+1/2
×
√
(2l + 1)(2J1 + 1)(2J2 + 1)
√
(1 − s)!(2 + s)!
× 〈L1||X(orb)l+k ||L2〉
(
L1 J1 1/2
M′
1
−M1 σ1
)
×
(
L2 J2 1/2
M′
2
−M2 σ2
) (
l + k l s
m′ −m n
)
×
(
L1 L2 l + k
−M′
1
M′
2
m′
) (
1/2 1/2 s
−σ1 σ2 n
)
.
Then, we substitute this expression into eq. (B·1), and using
the definition of 9 j symbol in terms of the summation of prod-
uct of six 3 j symbols, we obtain
〈J1||X(s)l (k)||J2〉 = is+k(−1)s 〈L1||X
(orb)
l+k
||L2〉
×
√
(2l + 1)(2J1 + 1)(2J2 + 1)(1 − s)!(2 + s)!
×

L1 J1 1/2
L2 J2 1/2
l + k l s
 . (B·2)
This expression is eq. (18) for spin sector (s = 1). For charge
sector, by putting s = k = 0 and using the identity,
L1 J1 1/2
L2 J2 1/2
l l 0
 = (−1)
J1+1/2+L2+l
√
2(2l + 1)
{
L1 L2 l
J2 J1 1/2
}
,
we obtain eq. (17).
Appendix C: Relation between Multipoles through Po-
tential Expansion and Spinful Multipoles
In this appendix, we express the multipoles Xl,m defined
through the electromagnetic potentials in eqs. (32) and (33)
in terms of spinful multipole basis set, eq. (13). Since Xl,m al-
ways contains the orbital part, we discuss the remaining part
δXl,m = Xl,m − X(0)l,m(0) containing the spin operator σ.
Let us begin with δMl,m = σ · (∇Ol,m). Since ∇Ol,m =
rl−1
√
4πlYl−1
l,m
and by comparing the definitions of M
(1)
l,m
(−1)
with that of the vector spherical harmonics,
Yl+kl,m (rˆ) = (−1)l+m
√
2l + 1
∑
n
(
l + k l 1
m − n −m n
)
Yl′ ,m−n(rˆ)e1,n,
(C·1)
we obtain eq. (35) as
δMl,m = σ · (∇Ol,m) =
√
l(2l − 1)M(1)
l,m
(−1). (C·2)
For the MT multipole, δTl,m is proportional to (r × σ) ·
(∇Ol,m), which can be deformed as (r × σ) · (∇Ol,m) =
−(r×∇Ol,m) ·σ = −i(lOl,m) ·σ. With lYl,m =
√
l(l + 1)Yl
l,m
and
the comparison of the definitions between Yl
l,m
and T
(1)
l,m
(0), we
have the relation, σ · (lOl,m) = −i
√
l(l + 1)T
(1)
l,m
(0). Thus, we
obtain eq. (36) as
δTl,m = −
√
l
l + 1
T
(1)
l,m
(0). (C·3)
As for the ET multipole, first we consider the first part of
eq. (38). This part can be deformed as
1
2
∑
i j
[(∇i∇ jOl,m)(r × l)i − (l × r)i(∇i∇ jOl,m)]σ j
= −1
2
∑
i j
[
[(r × ∇)i(∇ jOl,m)]li + li[(r × ∇)i∇ jOl,m]
]
σ j
= − i
2
∑
i j
[
(li∇ jOl,m)li + li(li∇ jOl,m)
]
σ j.
By using (li∇ jOl,m) = li(∇ jOl,m) − (∇ jOl,m)li, we have
= − i
2
[
l2(σ · ∇Ol,m) − (σ · ∇Ol,m)l2
]
.
Then, the first term becomes
δG
(1st)
l,m
= −i
√
l(2l − 1)
(l + 1)(l + 2)
[
l2M
(1)
l,m
(−1) − M(1)
l,m
(−1)l2
]
.
By noticing the identity derived from eqs. (20) and (21),
i Rl−1(L1, L2) 〈J1M1|M(1)l,m(−1)|J2M2〉
= 〈J1M1|G(1)l,m(−1)|J2M2〉 ,
we obitain
δG
(1st)
l,m
=
l
√
l(2l − 1)
l + 2
G
(1)
l,m
(−1). (C·4)
Next, we consider the second part of eq. (38), which is de-
formed as
1
2
∑
i j
[
(r × σ)i(∇i∇ jOl,m)l j + l j(r × σ)i(∇i∇ jOl,m)
]
= − i
2
∑
i j
[
(li∇ jOl,m)l j + l j(li∇ jOl,m)
]
σi.
Meanwhile, the definition of G
(1)
l,m
(0) can be deformed as
l + 1
2
G
(1)
l,m
(0) = i
∑
m′
∑
n
(−1)l+m
√
2l + 1
(
l l 1
m′ −m n
)
× l · (∇Ol,m′) + (∇Ol,m′) · l
2
σ1,n
= i
∑
i
∑
m′
∑
n
(−1)l+m
√
2l + 1
(
l l 1
m′ −m n
)
× li(∇iOl,m′) + (∇iOl,m′)li
2
e1,n · σ
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=
√
4π
2l + 1
i
∑
i
∑
m′
∑
n
(−1)l+m
√
2l + 1
(
l l 1
m′ −m n
)
× li(∇ir
lYl,m′ ) + (∇irlYl,m′)li
2
e1,n · σ
=
√
4π
2l + 1
i
∑
i j
liσ j(∇irlY ll,m j) + (∇ jrlY ll,m j)σil j
2
=
i
2
√
l(l + 1)
∑
i j
[
l j(li∇ jOl,m) + (li∇ jOl,m)l j
]
σi.
Therefore, we have
− i
2
∑
i j
[
l j(li∇ jOl,m) + (li∇ jOl,m)l j
]
σi
= − l + 1
2
√
l(l + 1)G
(1)
l,m
(0).
and the second term becomes
δG
(2nd)
l,m
= −
√
l
l + 1
G
(1)
l,m
(0). (C·5)
Finally, we obtain the relation as in eq. (37).
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Supplemental Materials
We here provide the algebra of multipoles, and the Landau expansion are derived in order to discuss mutual coupling
among multipoles. Then, the matrix elements of all active multipoles in J = 1/2 and J = 3/2 with L = 0, 1 used in
the main text. Moreover, the irreducible basis functions of cubic Oh and hexagonal D6h groups are also given. The
expressions of the multipole operators and their matrix elements in 32 crystallographic point groups are obtained by
using the coefficient of linear combination of the tesseral basis functions.
Appendix A: Algebra and Coupling of Multipoles
A.1 The property of multipole operators
Let us consider a complete multipole basis set, { Xi }. The multipole operator Xi is d × d matrix and hermite, Xi = X†i . There
are d2 mutually independent matrices, and they satisfy
Tr(XiX j) = d δi j (i, j = 0, 1, 2, · · ·d2 − 1). (A·1)
The 0-th component (i = 0) represents the unit matrix, X0 ≡ I, and the other matrices are traceless Tr(Xi) = 0 (i , 0).
A.2 The matrix product
Since { Xi } constitute a complete set, we expand a product of multipoles as
XiX j =
∑
k
hi jkXk, (A·2)
where the coefficient hi jk is complex in general. By this relation and eq. (A·1), we obtain
hi jk =
1
d
Tr(XiX jXk). (A·3)
Thus, the cyclic permutation of hi jk is identical, i.e., hi jk = h jki = hki j. Moreover, taking hermite conjugate of eq. (A·2) gives
X jXi =
∑
k
h∗i jkXk ⇒ hi jk = h∗jik. (A·4)
When we decompose hi jk into real and imaginary parts as hi jk = gi jk + i fi jk, each part satisfies
gi jk = g jik, fi jk = − f jik.
Together with the property of hi jk w.r.t. the cyclic permutation, we show that gi jk is completely symmetric, and fi jk is completely
antisymmetric w.r.t. any permutations of a pair of indices,
gi jk = g jki = gki j = g jik = gik j = gk ji, fi jk = f jki = fki j = − f jik = − fik j = − fk ji. (A·5)
Therefore,
XiX j =
d2−1∑
k=0
(gi jk + i fi jk)Xk. (A·6)
By tracing the above relation, we obtain
d δi j = (gi j0 + i fi j0)d. (A·7)
Namely, we have
gi j0 = δi j, fi j0 = 0. (A·8)
By using eq. (A·2) and its hermite conjugate, we obtain
gi jk =
1
2d
Tr
(
[Xi, X j]+Xk
)
, fi jk =
1
2di
Tr
(
[Xi, X j]−Xk
)
, (A·9)
where [A, B]± = AB ± BA.
A.3 Free energy and Landau expansion
A.3.1 The free energy in the mean-field approximation
Let us consider a generalized exchange Hamiltonian,
H = −1
2
∑
ss′
′∑
i j
Dss
′
i j X
s
i X
s′
j , (A·10)
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where s represents a site of the operators. We assume that Dss
′
i j
= Ds
′s
ji
, Dss
′
ii
= Dss
i j
= 0.
′∑
i
=
,0∑
i
indicates that the summation
excludes i = 0 component.
We consider the one-body trial Hamiltonian, H0(φ) = −
∑
s
′∑
i
φsiX
s
i ≡
∑
s
H0s(φ
s), and adopt the Feynman’s variational
principle, we obtain the trial free energy as
F(φ) =
∑
s
F0s(φ
s) − 1
2
∑
ss′
′∑
i j
Dss
′
i j 〈X si 〉 〈X s
′
j 〉 +
∑
s
′∑
i
φsi 〈X si 〉 , F0s(φs) = −
1
β
ln Tr
(
e−βH0s
)
. (A·11)
Here, the expectation value w.r.t. the trial Hamiltonian is given by
〈X si 〉 =
Tr(e−βH0sX s
i
)
Tr(e−βH0s)
= −∂F0s
∂φs
i
(i , 0). (A·12)
The variational condition of F(φ) gives
φsi =
∑
s′
′∑
j
Dss
′
i j 〈X s
′
j 〉 (i , 0). (A·13)
This is nothing but the self-consistent equation in the mean-field approximation.
A.3.2 Landau expansion
Let us expand the free energy, F0s(φ
s), with respect to φs
i
. Using the relations,
1
d
Tr(X si X
s
jX
s
k) = hi jk,
1
d
Tr(X si X
s
jX
s
kX
s
l ) =
∑
m
hi jmhmkl,
we obtain
1
d
Tr
(
e−βH0s
)
= 1 +
β2
2
′∑
i
φsiφ
s
i +
β3
3!
′∑
i jk
hi jkφ
s
i φ
s
jφ
s
k +
β4
4!
′∑
i jkl
∑
m
hi jmhmklφ
s
iφ
s
jφ
s
kφ
s
l + · · · .
Therefore, the free energy is expanded as
F0s(φ
s) = −1
β
ln d − β
2
′∑
i
φsi φ
s
i −
β2
3!
′∑
i jk
hi jkφ
s
iφ
s
jφ
s
k −
β3
4!
′∑
i jkl
∑
m
hi jmhmkl − 3δi jδkl
 φsiφsjφskφsl + · · · .
In this expression, as φs
i
φs
j
φs
k
is completely symmetric, the contributions of fi jk in 3rd order vanish, and only the contributions
from gi jk remain. Similarly, since φ
s
i
φs
j
or φs
k
φs
l
is symmetric with the permutation of (i, j) or (k, l), there remains
∑
m gi jmgmkl in∑
m hi jmhmkl in 4th order. Therefore,
F0s(φ
s) = −1
β
ln d − β
2
′∑
i
φsiφ
s
i −
β2
3!
′∑
i jk
gi jkφ
s
i φ
s
jφ
s
k −
β3
4!
′∑
i jkl
ǫi j;klφ
s
iφ
s
jφ
s
kφ
s
l + · · · . (A·14)
Here, we have introduced
ǫi j;kl =
∑
m
gi jmgmkl − 3δi jδkl =
′∑
m
gi jmgmkl − 2δi jδkl. (A·15)
By the expansion of F0s(φ
s) and appropriate replacement of dummy indices, we obtain the relation,
〈X si 〉 = βφsi +
β2
2
′∑
jk
gi jkφ
s
jφ
s
k +
β3
3!
′∑
jkl
ǫi j;klφ
s
jφ
s
kφ
s
l + · · · . (A·16)
In order to invert this relation for φs
i
, we assume the relation,
βφsi = 〈X si 〉 −
β2
2
′∑
jk
gi jkφ
s
jφ
s
k −
β3
3!
′∑
jkl
ǫi j;klφ
s
jφ
s
kφ
s
l + · · · ,
and insert it iteratively, then we obtain
βφsi = 〈X si 〉 −
1
2
′∑
jk
gi jk
〈X sj〉 − β22
′∑
j′k′
g j j′k′φ
s
j′φ
s
k′

〈X sk〉 − β22
′∑
lm
gklmφ
s
lφ
s
m

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− 1
3!
′∑
jkl
ǫi j;kl 〈X sj〉 〈X sk〉 〈X sl 〉 + · · ·
= 〈X si 〉 −
1
2
′∑
jk
gi jk 〈X sj〉 〈X sk〉 +
1
3
′∑
jkl
Li j;kl 〈X sj〉 〈X sk〉 〈X sl 〉 + · · · , (A·17)
where we have introduced
Li j;kl =
1
2
3 ′∑
m
gi jmgmkl − ǫi j;kl
 = ′∑
m
gi jmgmkl + δi jδkl =
∑
m
gi jmgmkl.
Inserting this expression into eq. (A·11), we finally obtain the Landau expansion of the free energy
F(〈X〉) = −NT ln d + 1
2
∑
ss′
′∑
i j
[
Tδss′δi j − Dss′i j
]
〈X si 〉 〈X s
′
j 〉
− T
3!
∑
s
′∑
i jk
gi jk 〈X si 〉 〈X sj〉 〈X sk〉 +
2T
4!
∑
s
′∑
i jkl
Li j;kl 〈X si 〉 〈X sj〉 〈X sk〉 〈X sl 〉 + · · · , (A·18)
where N is the number of the sites. Note that the lowest order coupling is given by gi jk, i.e., eq. (A·9).
The coupling among multipoles is also obtained by the quantity,
Tr(e−βH0sX si ) =
∞∑
k=0
(−β)k
k!
Tr(Hk0sX
s
i ), (A·19)
which becomes finite if the coupling to X s
i
exists.
Appendix B: J = 1/2 and 3/2 with L = 0 and 1 System
B.1 Basis
The total angular-momentum basis |J,M; L〉 used in the main text is given by∣∣∣∣∣12 ,+12; s
〉
= |0, 0〉 |↑〉 ,
∣∣∣∣∣12 ,−12; s
〉
= |0, 0〉 |↓〉 ,
∣∣∣∣∣12 ,+12; p
〉
=
√
2
3
|1,+1〉 |↓〉 −
√
1
3
|1, 0〉 |↓〉 ,
∣∣∣∣∣12 ,−12; p
〉
= −
√
2
3
|1,−1〉 |↑〉 +
√
1
3
|1, 0〉 |↑〉 ,
∣∣∣∣∣32 ,+32; p
〉
= |1,+1〉 |↑〉 ,
∣∣∣∣∣32 ,+12; p
〉
=
1√
3
|1,+1〉 |↓〉 +
√
2
3
|1, 0〉 |↑〉 ,
∣∣∣∣∣32 ,−12; p
〉
=
1√
3
|1,−1〉 |↑〉 +
√
2
3
|1, 0〉 |↓〉 ,
∣∣∣∣∣32 ,−32; p
〉
= |1,−1〉 |↓〉 .
B.2 Symmetry of multipoles
The angle dependence of the multipoles used in the main text is given by
(x, y, z) : x, y, z
(u, v, yz, zx, xy) :
1
2
(3z2 − r2),
√
3
2
(x2 − y2),
√
3yz,
√
3zx,
√
3xy
(xyz, αx, αy, αz, βx, βy, βz) :
√
15xyz,
1
2
x(5x2 − 3r2), 1
2
y(5y2 − 3r2), 1
2
z(5z2 − 3r2),
√
15
2
x(y2 − z2),
√
15
2
y(z2 − x2),
√
15
2
z(x2 − y2)
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B.3 Matrix Element
B.3.1 Electric multipole (orbital)
rank 0
Q(0)(0) =

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

rank 1
Q(0)x (0) =

0 0 0 − 1
3
−
√
6
6
0
√
2
6
0
0 0 − 1
3
0 0 −
√
2
6
0
√
6
6
0 − 1
3
0 0 0 0 0 0
− 1
3
0 0 0 0 0 0 0
−
√
6
6
0 0 0 0 0 0 0
0 −
√
2
6
0 0 0 0 0 0
√
2
6
0 0 0 0 0 0 0
0
√
6
6
0 0 0 0 0 0

Q(0)y (0) =

0 0 0 i
3
−
√
6i
6
0 −
√
2i
6
0
0 0 − i
3
0 0 −
√
2i
6
0 −
√
6i
6
0 i
3
0 0 0 0 0 0
− i
3
0 0 0 0 0 0 0
√
6i
6
0 0 0 0 0 0 0
0
√
2i
6
0 0 0 0 0 0
√
2i
6
0 0 0 0 0 0 0
0
√
6i
6
0 0 0 0 0 0

Q(0)z (0) =

0 0 − 1
3
0 0
√
2
3
0 0
0 0 0 1
3
0 0
√
2
3
0
− 1
3
0 0 0 0 0 0 0
0 1
3
0 0 0 0 0 0
0 0 0 0 0 0 0 0
√
2
3
0 0 0 0 0 0 0
0
√
2
3
0 0 0 0 0 0
0 0 0 0 0 0 0 0

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rank 2
Q(0)u (0) =

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B.3.2 Electric multipole (spin)
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B.4 Magnetic multipole (orbital)
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B.5 Magnetic multipole (spin)
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B.6 Magnetic toroidal multipole (orbital)
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B.8 Electric toroidal multipole (spin)
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0 0 0 0 0 0 0 0
√
3i
18
0 0 0 0 0 0 0
0 − i
6
0 0 0 0 0 0
− i
6
0 0 0 0 0 0 0
0
√
3i
18
0 0 0 0 0 0

G(1)xy (−1) =

0 0 0 0 0 0 0
√
3
9
0 0 0 0
√
3
9
0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0
√
3
9
0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
√
3
9
0 0 0 0 0 0 0

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Appendix C: Cubic and Hexagonal Harmonics
We introduce the tesseral harmonics as
Ol,m =
√
4π
2l + 1
rlYl,m = (−1)mO∗l,−m, (C·1)
Cl,0 = Ol,0, Cl,m =
(−1)m√
2
(Ol,m + O
∗
l,m), S l,m =
(−1)m√
2i
(Ol,m − O∗l,m). (C·2)
Then, the cubic Oh and hexagonal D6h harmonics are expressed by the linear combinations of the tesseral
harmonics. The expressions for other point group are obtained by using the compatibility relation of the
irreducible representations.
In the following tables, we abbreviate Clm → C[m] and S lm → S [m]. We use the multiplicity label for
the basis functions belonging to the same irreducible representation in whichm is descending order except
for C[0]. This convention sometimes differs from those used in literatures. Note that the basis functions
are orthogonal with each other.
In cubic point group, (x, y, z) components in T and (u, v) component in E are related with each other by
C3 rotation along [111] direction.
In hexagonal group, we use the principal axes as
a = ex, b = −
1
2
ex +
√
3
2
ey, c = ez. (C·3)
We take ey axis as C
′
2 rotation axis. (x, y) components in E correspond to Cl,m and S l,m, respectively.
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C.1 Cubic multipoles up to rank 11
rank 0
irrep. symbol definition
A1g Q0 C[0]
rank 1
irrep. symbol definition
T1u Qx C[1]
Qy S [1]
Qz C[0]
rank 2
irrep. symbol definition
Eg Qu C[0]
Qv C[2]
T2g Qyz S [1]
Qzx C[1]
Qxy S [2]
rank 3
irrep. symbol definition
A2u Q
β
3
S [2]
T1u Q
α
3x
−
√
6C[1]
4
+
√
10C[3]
4
Qα
3y
−
√
6S [1]
4
−
√
10S [3]
4
Qα
3z
C[0]
T2u Q
β
3x
−
√
10C[1]
4
−
√
6C[3]
4
Q
β
3y
√
10S [1]
4
−
√
6S [3]
4
Q
β
3z
C[2]
rank 4
irrep. symbol definition
A1g Q4
√
21C[0]
6
+
√
15C[4]
6
Eg Q4u
√
15C[0]
6
−
√
21C[4]
6
Q
4v
−C[2]
T1g Q
α
4x
−
√
14S [1]
4
−
√
2S [3]
4
Qα
4y
√
14C[1]
4
−
√
2C[3]
4
Qα
4z
S [4]
T2g Q
β
4x
−
√
2S [1]
4
+
√
14S [3]
4
Q
β
4y
−
√
2C[1]
4
−
√
14C[3]
4
Q
β
4z
S [2]
rank 5
irrep. symbol definition
Eu Q5u S [4]
Q
5v
−S [2]
T1u Q
α1
5x
√
15C[1]
8
−
√
70C[3]
16
+
3
√
14C[5]
16
Qα1
5y
√
15S [1]
8
+
√
70S [3]
16
+
3
√
14S [5]
16
Qα1
5z
C[0]
T1u Q
α2
5x
√
21C[1]
8
+
9
√
2C[3]
16
+
√
10C[5]
16
Qα2
5y
√
21S [1]
8
− 9
√
2S [3]
16
+
√
10S [5]
16
Qα2
5z
C[4]
T2u Q
β
5x
√
7C[1]
4
−
√
6C[3]
8
−
√
30C[5]
8
Q
β
5y
−
√
7S [1]
4
−
√
6S [3]
8
+
√
30S [5]
8
Q
β
5z
C[2]
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rank 6
irrep. symbol definition
A1g Q6
√
2C[0]
4
−
√
14C[4]
4
A2g Q
β
6
√
11C[2]
4
−
√
5C[6]
4
Eg Q6u
√
14C[0]
4
+
√
2C[4]
4
Q
6v
√
5C[2]
4
+
√
11C[6]
4
T1g Q
α
6x
√
3S [1]
4
−
√
30S [3]
8
−
√
22S [5]
8
Qα
6y
−
√
3C[1]
4
−
√
30C[3]
8
+
√
22C[5]
8
Qα
6z
S [4]
T2g Q
β1
6x
3
√
22S [1]
16
+
√
55S [3]
16
+
√
3S [5]
16
Q
β1
6y
3
√
22C[1]
16
−
√
55C[3]
16
+
√
3C[5]
16
Q
β1
6z
S [6]
T2g Q
β2
6x
√
10S [1]
16
− 9S [3]
16
+
√
165S [5]
16
Q
β2
6y
√
10C[1]
16
+
9C[3]
16
+
√
165C[5]
16
Q
β2
6z
S [2]
rank 7
irrep. symbol definition
A2u Q
β
7
√
78S [2]
12
+
√
66S [6]
12
Eu Q7u S [4]
Q
7v
√
66S [2]
12
−
√
78S [6]
12
T1u Q
α1
7x
−5
√
7C[1]
32
+
3
√
21C[3]
32
−
√
231C[5]
32
+
√
429C[7]
32
Qα1
7y
−5
√
7S [1]
32
− 3
√
21S [3]
32
−
√
231S [5]
32
−
√
429S [7]
32
Qα1
7z
C[0]
T1u Q
α2
7x
−3
√
33C[1]
32
−
√
11C[3]
32
+
25C[5]
32
+
√
91C[7]
32
Qα2
7y
−3
√
33S [1]
32
+
√
11S [3]
32
+
25S [5]
32
−
√
91S [7]
32
Qα2
7z
C[4]
T2u Q
β1
7x
−
√
858C[1]
64
− 3
√
286C[3]
64
− 5
√
26C[5]
64
−
√
14C[7]
64
Q
β1
7y
√
858S [1]
64
− 3
√
286S [3]
64
+
5
√
26S [5]
64
−
√
14S [7]
64
Q
β1
7z
C[6]
T2u Q
β2
7x
−15
√
6C[1]
64
+
19
√
2C[3]
64
−
√
22C[5]
64
−
√
2002C[7]
64
Q
β2
7y
15
√
6S [1]
64
+
19
√
2S [3]
64
+
√
22S [5]
64
−
√
2002S [7]
64
Q
β2
7z
C[2]
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rank 8
irrep. symbol definition
A1g Q8
√
33C[0]
8
+
√
21C[4]
12
+
√
195C[8]
24
Eg Q
1
8u
−
√
286C[0]
32
+
√
182C[4]
16
+
√
10C[8]
32
Q1
8v
C[6]
Eg Q
2
8u −
√
210C[0]
32
−
√
330C[4]
48
+
√
6006C[8]
96
Q2
8v
C[2]
T1g Q
α1
8x
−
√
715S [1]
32
−
√
273S [3]
32
−
√
35S [5]
32
− S [7]
32
Qα1
8y
√
715C[1]
32
−
√
273C[3]
32
+
√
35C[5]
32
− C[7]
32
Qα1
8z
S [8]
T1g Q
α2
8x
−
√
77S [1]
32
+
5
√
15S [3]
32
− 3
√
13S [5]
32
−
√
455S [7]
32
Qα2
8y
√
77C[1]
32
+
5
√
15C[3]
32
+
3
√
13C[5]
32
−
√
455C[7]
32
Qα2
8z
S [4]
T2g Q
β1
8x
−
√
858S [1]
64
+
√
910S [3]
64
+
7
√
42S [5]
64
+
3
√
30S [7]
64
Q
β1
8y
−
√
858C[1]
64
−
√
910C[3]
64
+
7
√
42C[5]
64
− 3
√
30C[7]
64
Q
β1
8z
S [6]
T2g Q
β2
8x
−
√
70S [1]
64
+
3
√
66S [3]
64
−
√
1430S [5]
64
+
√
2002S [7]
64
Q
β2
8y
−
√
70C[1]
64
− 3
√
66C[3]
64
−
√
1430C[5]
64
−
√
2002C[7]
64
Q
β2
8z
S [2]
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rank 9
irrep. symbol definition
A1u Q9
√
102S [4]
12
−
√
42S [8]
12
A2u Q
β
9
√
3S [2]
4
−
√
13S [6]
4
Eu Q9u
√
42S [4]
12
+
√
102S [8]
12
Q9v
√
13S [2]
4
+
√
3S [6]
4
T1u Q
α1
9x
21
√
5C[1]
128
−
√
2310C[3]
128
+
3
√
286C[5]
128
− 3
√
1430C[7]
256
+
√
24310C[9]
256
Qα1
9y
21
√
5S [1]
128
+
√
2310S [3]
128
+
3
√
286S [5]
128
+
3
√
1430S [7]
256
+
√
24310S [9]
256
Qα1
9z
C[0]
T1u Q
α2
9x
√
2431C[1]
128
+
√
9282C[3]
128
+
5
√
170C[5]
128
+
7
√
34C[7]
256
+
3
√
2C[9]
256
Qα2
9y
√
2431S [1]
128
−
√
9282S [3]
128
+
5
√
170S [5]
128
− 7
√
34S [7]
256
+
3
√
2S [9]
256
Qα2
9z
C[8]
T1u Q
α3
9x
√
1001C[1]
64
−
√
78C[3]
64
− 3
√
70C[5]
64
+
23
√
14C[7]
128
+
3
√
238C[9]
128
Qα3
9y
√
1001S [1]
64
+
√
78S [3]
64
− 3
√
70S [5]
64
− 23
√
14S [7]
128
+
3
√
238S [9]
128
Qα3
9z
C[4]
T2u Q
β1
9x
√
858C[1]
64
+
√
91C[3]
32
− 5
√
15C[5]
32
− 21
√
3C[7]
64
−
√
51C[9]
64
Q
β1
9y
−
√
858S [1]
64
+
√
91S [3]
32
+
5
√
15S [5]
32
− 21
√
3S [7]
64
+
√
51S [9]
64
Q
β1
9z
C[6]
T2u Q
β2
9x
7
√
22C[1]
64
− 3
√
21C[3]
32
+
√
65C[5]
32
+
√
13C[7]
64
− 3
√
221C[9]
64
Q
β2
9y
−7
√
22S [1]
64
− 3
√
21S [3]
32
−
√
65S [5]
32
+
√
13S [7]
64
+
3
√
221S [9]
64
Q
β2
9z
C[2]
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rank 10
irrep. symbol definition
A1g Q10
√
390C[0]
48
−
√
22C[4]
8
−
√
1122C[8]
48
A2g Q
β
10
−
√
85C[10]
16
+
√
1482C[2]
48
+
√
57C[6]
48
Eg Q
1
10u
11
√
420189C[0]
8988
+
√
827645C[4]
1498
−
√
146055C[8]
8988
Q110v
√
370006C[10]
749
+
√
190995C[2]
749
Eg Q
2
10u
3
√
3213210C[0]
11984
− 83
√
1498C[4]
5992
+
31
√
76398C[8]
11984
Q2
10v
√
1209635C[10]
11984
− 19
√
58422C[2]
35952
+
√
2247C[6]
48
T1g Q
α1
10x
√
221S [1]
32
−
√
102S [3]
32
−
√
510S [5]
32
− 11
√
6S [7]
64
−
√
38S [9]
64
Qα1
10y
−
√
221C[1]
32
−
√
102C[3]
32
+
√
510C[5]
32
− 11
√
6C[7]
64
+
√
38C[9]
64
Qα1
10z
S [8]
T1g Q
α2
10x
√
39S [1]
32
− 11
√
2S [3]
32
+
5
√
10S [5]
32
−
√
34S [7]
64
−
√
1938S [9]
64
Qα2
10y
−
√
39C[1]
32
− 11
√
2C[3]
32
− 5
√
10C[5]
32
−
√
34C[7]
64
+
√
1938C[9]
64
Qα2
10z
S [4]
T2g Q
β1
10x
√
41990S [1]
256
+
√
4845S [3]
128
+
√
969S [5]
128
+
√
285S [7]
256
+
√
5S [9]
256
Q
β1
10y
√
41990C[1]
256
−
√
4845C[3]
128
+
√
969C[5]
128
−
√
285C[7]
256
+
√
5C[9]
256
Q
β1
10z
S [10]
T2g Q
β2
10x
9
√
78S [1]
256
− 69S [3]
128
−
√
5S [5]
128
+
43
√
17S [7]
256
+
3
√
969S [9]
256
Q
β2
10y
9
√
78C[1]
256
+
69C[3]
128
−
√
5C[5]
128
− 43
√
17C[7]
256
+
3
√
969C[9]
256
Q
β2
10z
S [6]
T2g Q
β3
10x
7
√
3S [1]
128
− 7
√
26S [3]
128
+
5
√
130S [5]
128
− 7
√
442S [7]
256
+
√
25194S [9]
256
Q
β3
10y
7
√
3C[1]
128
+
7
√
26C[3]
128
+
5
√
130C[5]
128
+
7
√
442C[7]
256
+
√
25194C[9]
256
Q
β3
10z
S [2]
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rank 11
irrep. symbol definition
A2u Q
β
11
√
798S [10]
48
+
√
255S [2]
24
+
3
√
6S [6]
16
Eu Q
1
11u
S [8]
Q1
11v
−
√
210S [10]
96
+
√
969S [2]
48
−
√
570S [6]
32
Eu Q
2
11u S [4]
Q2
11v
−
√
646S [10]
32
+
√
35S [2]
16
+
√
238S [6]
32
T1u Q
α1
11x
√
88179C[11]
512
− 21
√
66C[1]
512
+
√
30030C[3]
512
− 15
√
143C[5]
512
+
√
36465C[7]
512
−
√
46189C[9]
512
Qα1
11y
−
√
88179S [11]
512
− 21
√
66S [1]
512
−
√
30030S [3]
512
− 15
√
143S [5]
512
−
√
36465S [7]
512
−
√
46189S [9]
512
Qα1
11z
C[0]
T1u Q
α2
11x
√
385C[11]
512
−
√
41990C[1]
512
− 3
√
4522C[3]
512
+
3
√
4845C[5]
512
+
77
√
19C[7]
512
+
39
√
15C[9]
512
Qα2
11y
−
√
385S [11]
512
−
√
41990S [1]
512
+
3
√
4522S [3]
512
+
3
√
4845S [5]
512
− 77
√
19S [7]
512
+
39
√
15S [9]
512
Qα2
11z
C[8]
T1u Q
α3
11x
√
10659C[11]
256
− 5
√
546C[1]
256
+
11
√
30C[3]
256
+
13
√
7C[5]
256
− 3
√
1785C[7]
256
+
3
√
2261C[9]
256
Qα3
11y
−
√
10659S [11]
256
− 5
√
546S [1]
256
− 11
√
30S [3]
256
+
13
√
7S [5]
256
+
3
√
1785S [7]
256
+
3
√
2261S [9]
256
Qα3
11z
C[4]
T2u Q
β1
11x
−
√
22C[11]
1024
−
√
29393C[1]
512
− 9
√
1615C[3]
512
− 5
√
13566C[5]
1024
− 7
√
1330C[7]
1024
− 9
√
42C[9]
1024
Q
β1
11y
−
√
22S [11]
1024
+
√
29393S [1]
512
− 9
√
1615S [3]
512
+
5
√
13566S [5]
1024
− 7
√
1330S [7]
1024
+
9
√
42S [9]
1024
Q
β1
11z
C[10]
T2u Q
β2
11x
−3
√
2926C[11]
1024
− 15
√
221C[1]
512
−
√
595C[3]
512
+
53
√
102C[5]
1024
− 105
√
10C[7]
1024
− 61
√
114C[9]
1024
Q
β2
11y
−3
√
2926S [11]
1024
+
15
√
221S [1]
512
−
√
595S [3]
512
− 53
√
102S [5]
1024
− 105
√
10S [7]
1024
+
61
√
114S [9]
1024
Q
β2
11z
C[6]
T2u Q
β3
11x
−
√
124355C[11]
512
− 21
√
130C[1]
512
+
57
√
14C[3]
512
− 41
√
15C[5]
512
+
17
√
17C[7]
512
+
√
4845C[9]
512
Q
β3
11y
−
√
124355S [11]
512
+
21
√
130S [1]
512
+
57
√
14S [3]
512
+
41
√
15S [5]
512
+
17
√
17S [7]
512
−
√
4845S [9]
512
Q
β3
11z
C[2]
C.2 Hexagonal multipoles up to rank 11
rank 0
irrep. symbol definition
A1g Q0 C[0]
rank 1
irrep. symbol definition
A2u Qz C[0]
E1u Qx C[1]
Qy S [1]
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rank 2
irrep. symbol definition
A1g Qu C[0]
E1g Qyz S [1]
Qzx C[1]
E2g Qxy S [2]
Qv C[2]
rank 3
irrep. symbol definition
A2u Q
β
3
C[0]
B1u Q
γ
3
S [3]
B2u Q
δ
3
C[3]
E1u Q
α
3u
C[1]
Qα
3v
S [1]
E2u Q
β
3u
C[2]
Q
β
3v
S [2]
rank 4
irrep. symbol definition
A1g Q4 C[0]
B1g Q
γ
4
C[3]
B2g Q
δ
4
S [3]
E1g Q
α
4u
S [1]
Qα
4v
C[1]
E2g Q
β1
4u
S [4]
Q
β1
4v
C[4]
E2g Q
β2
4u
S [2]
Q
β2
4v
C[2]
rank 5
irrep. symbol definition
A2u Q
β
5
C[0]
B1u Q
γ
5
S [3]
B2u Q
δ
5
C[3]
E1u Q
α1
5u
C[5]
Qα1
5v
S [5]
E1u Q
α2
5u
C[1]
Qα2
5v
S [1]
E2u Q
β1
5u
C[4]
Q
β1
5v
S [4]
E2u Q
β2
5u
C[2]
Q
β2
5v
S [2]
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rank 6
irrep. symbol definition
A1g Q
1
6
C[0]
A1g Q
2
6
C[6]
A2g Q
β
6
S [6]
B1g Q
γ
6
C[3]
B2g Q
δ
6
S [3]
E1g Q
α1
6u
S [5]
Qα1
6v
C[5]
E1g Q
α2
6u
S [1]
Qα2
6v
C[1]
E2g Q
β1
6u
S [4]
Q
β1
6v
C[4]
E2g Q
β2
6u
S [2]
Q
β2
6v
C[2]
rank 7
irrep. symbol definition
A1u Q7 S [6]
A2u Q
β1
7
C[0]
A2u Q
β2
7
C[6]
B1u Q
γ
7
S [3]
B2u Q
δ
7
C[3]
E1u Q
α1
7u
C[7]
Qα1
7v
S [7]
E1u Q
α2
7u
C[5]
Qα2
7v
S [5]
E1u Q
α3
7u
C[1]
Qα3
7v
S [1]
E2u Q
β1
7u
C[4]
Q
β1
7v
S [4]
E2u Q
β2
7u
C[2]
Q
β2
7v
S [2]
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rank 8
irrep. symbol definition
A1g Q
1
8
C[0]
A1g Q
2
8
C[6]
A2g Q
β
8
S [6]
B1g Q
γ
8
C[3]
B2g Q
δ
8
S [3]
E1g Q
α1
8u
S [7]
Qα1
8v
C[7]
E1g Q
α2
8u
S [5]
Qα2
8v
C[5]
E1g Q
α3
8u
S [1]
Qα3
8v
C[1]
E2g Q
β1
8u
C[8]
Q
β1
8v
S [8]
E2g Q
β2
8u
C[4]
Q
β2
8v
S [4]
E2g Q
β3
8u
C[2]
Q
β3
8v
S [2]
rank 9
irrep. symbol definition
A1u Q9 S [6]
A2u Q
β1
9
C[0]
A2u Q
β2
9
C[6]
B1u Q
γ1
9
S [9]
B1u Q
γ2
9
S [3]
B2u Q
δ1
9
C[9]
B2u Q
δ2
9
C[3]
E1u Q
α1
9u
C[7]
Qα1
9v
S [7]
E1u Q
α2
9u
C[5]
Qα2
9v
S [5]
E1u Q
α3
9u
C[1]
Qα3
9v
S [1]
E2u Q
β1
9u
C[8]
Q
β1
9v
S [8]
E2u Q
β2
9u
C[4]
Q
β2
9v
S [4]
E2u Q
β3
9u
C[2]
Q
β3
9v
S [2]
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rank 10
irrep. symbol definition
A1g Q
1
10
C[0]
A1g Q
2
10
C[6]
A2g Q
β
10
S [6]
B1g Q
γ1
10
C[9]
B1g Q
γ2
10
C[3]
B2g Q
δ1
10
S [9]
B2g Q
δ2
10
S [3]
E1g Q
α1
10u
S [7]
Qα1
10v
C[7]
E1g Q
α2
10u
S [5]
Qα2
10v
C[5]
E1g Q
α3
10u
S [1]
Qα3
10v
C[1]
E2g Q
β1
10u
S [10]
Q
β1
10v
C[10]
E2g Q
β2
10u
S [8]
Q
β2
10v
C[8]
E2g Q
β3
10u
S [4]
Q
β3
10v
C[4]
E2g Q
β4
10u
S [2]
Q
β4
10v
C[2]
rank 11
irrep. symbol definition
A1u Q11 S [6]
A2u Q
β1
11
C[0]
A2u Q
β2
11
C[6]
B1u Q
γ1
11
S [9]
B1u Q
γ2
11
S [3]
B2u Q
δ1
11
C[9]
B2u Q
δ2
11
C[3]
E1u Q
α1
11u
C[11]
Qα1
11v
S [11]
E1u Q
α2
11u
C[7]
Qα2
11v
S [7]
E1u Q
α3
11u
C[5]
Qα3
11v
S [5]
E1u Q
α4
11u
C[1]
Qα4
11v
S [1]
E2u Q
β1
11u
C[10]
Q
β1
11v
S [10]
E2u Q
β2
11u
C[8]
Q
β2
11v
S [8]
E2u Q
β3
11u
C[4]
Q
β3
11v
S [4]
E2u Q
β4
11u
C[2]
Q
β4
11v
S [2]
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